The concept of a weak factorization system is related to injective objects in slice categories. Let S be a pomonoid, in this paper, Pos-S, the category of S-posets and S-poset maps, is considered. One of the main aims of this paper is to draw attention to weak factorization systems for Pos-S. We show that if the identity element of S is the bottom element, then 
Introduction
A comma category (a special case being a slice category) is a construction in category theory. It provides another way of looking at morphisms: instead of simply relating objects of a category to one another, morphisms become objects in their own right. This notion was introduced in 1963 by F. W. Lawvere, although the technique did not become generally known until many years later.
Injective objects with respect to a class H of morphisms have been investigated for a long time in various categories. Recently, injective objects in slice categories (C/B) have been investigated in detail (see [1, 6] ), especially in relationship with weak factorization systems, a concept used in homotopy theory, in particular for model categories. More precisely, H-injective objects in C/B, for any B in C, form the right part of a weak factorization system that has morphisms of H as the left part (see [1, 2] ).
In this paper, some examples of weak factorization system in Pos-S is investigated. After some introductory notions in section 1, we introduce in section 2, the notion of weak factorization system and state some related basic theorems. In section 3, we first, give the guarantee about the existence of (Emb, Emb ) as a weak factorization system in Pos-S. We then find that every Emb-injective object in Pos-S/B is split epimorphism. At the end of the paper, we draw attention to these systems in relation to projectivity in Pos-S.
For the rest of this section, we give some preliminaries which we will need in the sequel. Given a category C and an object B of C, one can construct the slice category C/B (read: C over B): objects of C/B are morphisms of C with codomain B, and morphisms in C/B from one such object f : D → B to another g : E → B are commutative
i.e, gh = f . The composition in C/B is defined from the composition in C, in the obvious way (paste triangles side by side).
Let C be a category and H a class of its morphisms. An object I of C is called H-injective if for each H-morphism h : U → V and morphism u : U → I there exists a morphism s : V → I such that sh = u. That is, the following diagram is commutative:
In particular, this means that, in the slice category C/B, f : X → B is H-injective if, for any commutative diagram
with h ∈ H, there exists an arrow s : V → X such that sh = u and
C is said to have enough H-injectives if for every object A of C there is a morphism A → C in H where C is an H-injective object in C.
Let S be a monoid with identity 1. A (right) S-act or S-set is a set
A equipped with an action µ : A×S → A, (a, s) → as, such that a1 = a and a(st) = (as)t, for all a ∈ A and s, t ∈ S. Let Act-S denote the category of all S-acts with action-preserving maps or S-maps. Clearly S itself is an S-act with its operation as the action (see [9] or [10] ).
Recall that a pomonoid is a monoid with a partial order ≤ which is compatible with the monoid operation: for s, t, s
Let S be a pomonoid. A (right) S-poset is a poset A which is also an S-act whose action µ : A × S → A is order-preserving, where A × S is considered as a poset with componentwise order. The category of all S-posets with action preserving monotone maps between them is denoted by Pos-S. Clearly S itself is an S-poset with its operation as the action. Also, let B be a non-empty subposet of A. Then B is called a sub S-poset of A if bs ∈ B for all s ∈ S and b ∈ B. For more information on S-posets see [7] or [5] .
Weak Factorization Systems
The concept of weak factorization systems plays a central role in homotopy theory, in particular in the basic definition of Quillen model categories. Formally, this notion generalizes factorization systems by weakening the unique diagonalization property to the diagonalization property without uniqueness. However, the basic examples of weak factorization systems are fundamentally different from the basic examples of factorization systems. Now, we introduce from [1] the notion which we deal with in this paper.
Notation:
We denote by the relation diagonalization property on the class of all morphisms of a category C: given morphisms l : A → B and r : C → D then l r means that in every commutative square
there exists a diagonal d : B → C rendering both triangles commutative. In this case l is also said to have the left lifting property with respect to r (and r to have the right lifting property with respect to l).
Let H be a class of morphisms. We denote by H = {r| r has the right lifting property with respect to each l ∈ H} and H = {l| l has the left lifting property with respect to each r ∈ H}.
Let H B be the class of those morphisms in C/B whose underlying morphism in C lies in H. Now, r : A → B ∈ H if and only if r is an H B -injective object in C/B. Dually, all morphisms in H are characterized by a projectivity condition in H B .
Recall from [1] that a weak factorization system in a category is a pair (L, R) of morphism classes such that (1) every morphism has a factorization as an L-morphism followed by
Remark 2.1. If we replace " " by "⊥" where "⊥" is defined via the unique diagonalization property (i.e., by insisting that there exists precisely one diagonal), we arrive at the familiar notion of a factorization system in a category. Factorization systems are weak factorization systems. For instance, let E S be the class of all S-poset epimorphisms. Then, by Theorem 1 of [5] one can easily seen that (E S , Emb) in Pos-S is a factorization system. We record the following two results from [1] , that will be used in the sequel. (2) For all f ∈ L and g ∈ R, f has the left lifting property with respect to g. for all a, a ′ ∈ A and T op is the class of all topological isotone maps.
(3) In the category Cat (of all categories and functors) pair (F ull, T op) is a weak factorization system, where F ull is the class of those morphisms in Cat that are full and T op is the class of those morphisms in
Cat that are topological. For more details of proof see [1] .
Recently, Bailey and Renshaw in [2] , provide a number of examples of weak factorization systems for S-acts such as the following theorem. But first we need a definition. Definition 2.5. We say that an S-act (S-poset) monomorphism f : X → Y is unitary if y ∈ im(f ) whenever ys ∈ im(f ) and s ∈ S. Clearly this is equivalent to saying that there exists an S-act (S-poset) Z such that Y ∼ = X∪Z or in other words, im(f ) is a direct summand of Y .
Theorem 2.6 ([2]). Let S be a monoid and let U be the class of all unitary S-monomorphisms and SE S be the class of all split S-act epi-
morphisms. Then (U, SE S ) is a weak factorization system in Act-S.
Weak Factorization Systems for Pos-S and Regular Injectivity
Recall that regular monomorphisms (morphisms which are equalizers) in Pos-S are exactly order-embeddings (see [5] ). Now, consider Emb as the class of all embeddings of S-posets. In this section, we try to provide a weak factorization system for Pos-S with Emb as the left part. Proof. First we show that if y ∈ im(f ) whenever ys ∈ im(f ) and s ∈ S. In fact, by hypothesis e ≤ s we get y ≤ ys, for every y ∈ Y and s ∈ S. Now, as im(f ) is down-closed, if ys ∈ im(f ) then y ∈ im(f ). Second, it is easy to see that the above property of f is equivalent to saying that there exists an S-poset Z (put Z = Y \im(f )) such that Y ∼ = X∪Z or in other words, im(f ) is direct summand of Y .
Let D denote the class of down closed embedding S-poset maps and let SE S denote the class of all split S-poset epimorphisms. We shall provide a weak factorization system for Pos-S by this two classes. In other words; Proof. We must show all conditions of Proposition 2.3. For (1), if f : X → Y is an S-poset map then we define the split epimorphism f : X∪Y → Y byf (x) = f (x),f (y) = y for all x ∈ X, y ∈ Y . Let i : X X∪Y be the inclusion, it is easy to see that i is a down closed embedding. Now, we have f =f i and i ∈ D,f ∈ SE S . For condition (2) , consider the commutative diagram
with f ∈ D and g ∈ SE S . In view of Lemma 3.2, without loss of generality we may assume that f : X X∪Z, then there exists h : D → C with gh = 1 D and so we can define an S-poset map k : X∪Z → C by k| X = u, k| Z = hv| Z with the required property.
Finally, suppose that f, f ′ , α, β are as in condition (3) of Proposition
Suppose that αf ∈ D and if α is a split monomorphism. Since αf is an embedding, f is too. Now, we show that f (A) is a down closed sub S-poset of Y . Given f (a) ∈ im(f ) for some a ∈ A and b ≤ f (a). Then α(b) ≤ αf (a). As αf is a down closed embedding we have α(b) ∈ im(αf ). In fact, b ∈ im(f ) as α is a monomorphisms (exactly one to one (see [5] )). Consequently, f ∈ D.
Recall that each poset can be embedded (via an order-embedding) into a complete poset, called the Dedekind-MacNeille completion. In fact, given a poset P , its MacNeille completion is the posetP consisting of all subsets A of P for which LU(A) = A, where U(A) = {x ∈ P : x ≥ a, ∀a ∈ A} and (A) = {y ∈ P : y ≤ x, ∀x ∈ U(A)}, and the embedding ↓ (−) : P →P is given by a →↓ (a) = {x ∈ P : x ≤ a} (see [3] ). We state the following theorem which gives us enough Emb-injectivity property in Pos-S/B. For the proof see from [8] . Now, by the above theorem and Proposition 2.2, we can say that (Emb, Emb ) is a weak factorization system for Pos − S. This implies that Emb is saturated (this means, every class in a category is closed under pushouts, transfinite compositions and retracts (see [2] )).
We cannot at this stage determine whether or not there is a class R such that (Emb, R) is a weak factorization system. However we do have: Proposition 3.5. Let S be a pomonoid. Suppose (Emb, R) is a weak factorization system for Pos-S. Then R ⊆ SE S .
Proof. Let f : A → B ∈ R and consider the commutative diagram
where i is the inclusion map and wheref | A = f ,f | B =id. Since from assumption we have R = Emb , so there exists h : A∪B → A such that f h =f and hi=id. This implies that g is split epimorphism. Thus R ⊆ SE S .
Weak Factorization Systems for Pos-S and Projectivity
By a free S-poset on a poset P [5] we mean an S-poset F together with a poset map τ : P → F with the universal property that given any S-poset A and a poset map f : P → A there exists a unique S-poset mapf : F → A such thatf • τ = f, i.e, the diagram
commutes. Also recall that an S-poset F is called free on basis poset P , if there exists a poset F = P × S with componentwise order and action (x, s)t = (x, st), for x ∈ P, s, t ∈ S. Let us denote the class of all free S-posets by F r and the class of all projective S-posets by P. Definition 4.1. Let C be a category, A ∈ C and let X be a class of morphisms closed under isomorphisms. By an X -precover of A we mean a morphism g : P → A for some P ∈ X such that for every morphism h : B → A, for B ∈ X , there exists morphism f : B → P with h = gf . Lemma 4.2. Let S be a pomonoid. Then every S-poset has a F rprecover.
Proof. Let A be an S-poset. Take A × S the S-poset generated by A with the S-poset map ϕ : A × S → A, given by ϕ(a, s) = as. Then ϕ is an S-poset epimorphism and so every free S-poset factors through it.
We have seen in [5] , the relation between projective S-posets and the free S-posets over posets, as the following proposition. Let X be a class of S-posets closed under coproducts, direct summands and retracts. Let U X denote the class of unitary S-poset monomorphisms f : X → Y such that Y \im(f ) ∈ X and let R X denote the class of S-poset maps with respect to which each S-poset in X is projective. We state the following theorem that its proof is exactly similar to Theorem 3.5 from [2] . 
